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Abstract—Aliasing constitutes a well-known drawback of digital communication systems and causes time-invariable effects,
which affect the signal to noise ratio (SNR) at the digital receiver.
Orthogonal Frequency Division Multiplexing (OFDM) systems
suffer besides from intercarrier interference (ICI) caused by
the non-perfectly synchronized clock of the receiver. This work
focuses on the study of the effects caused by the interference of
these both system impediments. The infinite aliased copies of the
insufficiently filtered OFDM base-band spectrum generated at the
transmitter are additionally phase-distorted due to the sampling
frequency offset between the receiver and the transmitter. A
thorough analysis of the frequency components at every OFDM
subcarrier position at the receiver shows that the received power
is a periodical function of time. We explain how this effect
depends on the transfer function of the utilised reconstruction
and anti-aliasing low-pass filters as well as the value of the
sampling frequency offset and the transmission channel. Two
realistic as well as one unrealistic scenarios are investigated in
order to demonstrate the theoretically studied relationships.
Index Terms—Aliasing, Frequency Offset, OFDM, Synchronization, Periodical Time-Variable Effect.

I. I NTRODUCTION
Numerous advantages of the OFDM modulation technique
have led to the fact that it is nowadays widely used in standards
about data transfer over various mediums including telephone
cables, the air, powerlines etc. However, OFDM is very
sensitive to system’s imperfections caused by the disability to
perfectly fulfil important theoretical assumptions in practically
implemented systems. Such a theoretical consideration of
vital importance for every digital communication system, the
discussion of which is widely found in the literature (e.g. in
[1]), is the perfect low-pass filtering at the transmitter (reconstruction filtering) and at the receiver (anti-aliasing filtering).
Especially in OFDM systems a number of implementation
issues concerning the computing power of modern digital
signal processors or the dispose of limited bandwidth have
contributed to the standardization of the policy to use the
lowest possible sampling rate. By exploiting the properties
of the discrete Fourier transform (DFT) in order to generate
and transmit a real signal it is a common practice to add
the complex-conjugated parts of the signal in the frequency
domain. As a consequence of the imperfections of the re-

construction filter frequencies near to the system’s Nyquist
frequency are occupied, which could obstruct the parallel
use of other systems that utilize these frequencies. Moreover,
because of the fact that the anti-aliasing filter is also imperfect
such frequency parts of the transmitted signal cause aliasing
at the receiver.
The limited accuracy of the sampling frequency oscillators,
which are utilized in every implemented OFDM system,
counts as an additional origin for difficulties and system
quality degradations. Intercarrier interference (ICI) and intersymbol interference (ISI) are the best examples of problems
caused by a sampling frequency offset between transmitter
and receiver [2], [3], [4]. The impact at the bit error rate is
actually visible for small sampling frequency offsets. Some
systems deal with the problem by measuring the offset and
correcting it by means of a voltage controlled oscillator or signal interpolation techniques (e.g. interpolation of the twiddle
factors [5]). Other systems use ICI correction methods [6], [7],
[8], [9]. However, for reasons of cost and computing resource
conservations or even simplicity and robustness other systems
tolerate the sampling frequency offset by using sophisticated
techniques e.g. differential phase modulation or timing offset
correction methods. Moreover, the accuracy of the methods
is limited and depends on the fulfilling of certain conditions,
which is particularly difficult if other effects (e.g. aliasing)
occur at the same time or if the channel’s transfer function is
still unknown.
Main objective of this work is the investigation of the effects
caused by the parallel existence of aliasing and a sampling
frequency offset, which is in different degrees the fact in every
implemented OFDM system. In many systems yet the effect is
particularly noticeable at the beginning of the link establishment during the channel measurement. While considering a
number of different effects caused by the previously mentioned
system’s imperfections in section II we analyse the OFDM
signal in different interesting positions of the communication
path. Section III begins with a thorough discussion of the
effects caused by aliasing and a sampling frequency offset
alone. At the end of the part of the section that analyses
aliasing an exact formula for the power of the signal per
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subcarrier and symbol at the output of the receiver’s fast
Fourier transform (FFT) is provided. As next a discussion of
the effects that dominate in case of the interaction of aliasing
and a sampling frequency offset as well as the analysis of the
periodical time-variable received power effect caused by this
interaction follows. The results of the previous paragraphs are
used in section IV to demonstrate the effect in three different
scenarios and show how it can be approximately eliminated
and the work is closed by the conclusions.
II. T HE OFDM SYSTEM
A typical OFDM system is shown in Fig. 1. At the transmitter the information bits are separated into packets and
appropriately used as input of a modulator that calculates
M
2 − 1 complex values, the Fourier coefficients. These values
determine the amplitude αk,` and the initial phase φk,` in the
k-th OFDM symbol of M
2 −1 modulated subcarriers (hereafter
also called ”useful” subcarriers), where ` denotes the subcarrier index (1  `  M
2 −1). Note that the subcarrier with zero
index is not used because it produces zero frequency signal
parts, which cannot be practically used. In order to produce
a real signal at the output of the transmitter a well-known
property of the FFT is utilised according to which the output
of the inverse FFT (IFFT) is real only when the description of
the basis-band output signal in the frequency domain (the input
of the IFFT) is complex-conjugated symmetrical. For that
reason the rest of the M
2 − 1 subcarriers (hereafter also called
”useless” subcarriers as they can carry no extra information)
are modulated with the same amplitude and the opposite phase
of their correspondent ”useful” subcarrier (subcarrier index
symmetrical to M
2 ). Due to the fact that the signal is discrete
described the hypothetical spectrum of the digital transmitted
signal is composed of infinite copies of the ”useful” and the
”useless” subcarriers, that are moved by multiples of 2π to
other frequency areas, which is graphically illustrated in Fig. 2.
After the IFFT with length M the discrete time domain signal
of subcarrier ` reads:
1
1
xk,` [n] =αk,` · ( e j(Ω` n+φk,` ) + e −j(Ω` n+φk,` ) )
2
2
· rect M [n − (M − 1)/2] ,
`
where Ω` = 2π M
denotes the angular frequency normalised
to the sampling frequency fs and

rect M [n] =

(

1,
0,

|n| ≤ M2−1
otherwise

denotes a discrete rectangular sequence. The transmitted power
per symbol is then given by:
Pk,` =

−1
2
2 M
X
αk,`
αk,`
cos2 (Ω` n + φk,` ) =
M n=0
2

(1)

In order to depict the fact that before the reconstruction filter
the OFDM signal contains infinite, periodically copied ”useful” and ”useless” subcarriers we assume that the transmitter
always sends the same information bits at all subcarriers and
every subcarrier is loaded with the same power. Considering
the fact that the discrete Fourier transform of a discrete
rectangular sequence is a Dirichlet function the frequency
domain signal reads:

X(Ω) =αk,` π
αk,` π

+∞
X

i=−∞
+∞
X

e jφk,` · di (Ω − Ω` − 2πi)+
e −jφk,` · di (Ω + Ω` − 2πi)

i=−∞

After the FFT and a parallel to serial converter the data
are given to the DAC. As already mentioned the DAC and
ADC are normally of type ”sample and hold” and will be
hereafter handled as filters with the following transfer function
(ideally exactly the same fs is utilized at the transmitter and
the receiver):
Hda (Ω) = Had (Ω) = si (ΩTs /2) · e −jΩTs /2

(2)

The si- shape of Hda is caused by the fact that every sample
is held until the next comes, which means that the sample vals /2
ues are multiplied with a rectangular function (rect ( t−T
Ts /2 )),
the Fourier transform of which is a si function.
The output of the DAC is connected to the reconstruction
filter. This is an analog low-pass filter, which attenuates the
”useless” subcarriers and the continuously periodical copies
of them and those of the ”useful” subcarriers. Depending on
the form and grade of the realised reconstruction filter the
amplitudes at the infinite frequency positions of the transmitted
signal are decreasing with frequency to almost but not exactly
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zero. As a consequence of this fact the continuous output
signal x(t) of the OFDM transmitter consists of infinite cosineshaped signals most of which are heavily attenuated.
As next the output of the OFDM transmitter is further
attenuated and phase-rotated by the transmission channel.
Because of the fact that the scope of this work is to analyse and
demonstrate time-variable effects caused by the OFDM system
itself we assume that the transfer function of the channel
does not change within one OFDM symbol, a sufficient guard
interval is used and that the noise samples all over the
transmission path are equal to zero.
At the receiver the continuous time signal is first filtered
from the anti-aliasing low-pass analog filter. Afterwards it is
passing through the ADC, where it is sampled with the sam0
pling frequency fs of the local oscillator, which is generally
unequal (very close though) to fs and once again si-shaped
filtered. At this position of the communication path aliasing
as well as a frequency shift of the aliased components of the
signal and other effects, which will be thoroughly discussed
in the next session, occur.
III. I NTERACTION OF A LIASING AND A S AMPLING
F REQUENCY O FFSET
As already mentioned main goal of this paragraph is to
investigate the effects, which are caused due to the parallel
existence of aliasing and a sampling frequency offset. For that
reason and in order to provide a distinct analysis we divide
it in three main parts. At first the effects caused by aliasing
alone are explained and the received power per subcarrier is
analytically computed in case of a zero sampling frequency
offset by hypothetically applying a IFFT after the FFT at
the receiver in order to get the time domain signal (in that
way calculations are simplified). In that case the power per
subcarrier remains the same before and after the FFT because
there are no leakage effects [10]. As second, we assume
perfect reconstruction and anti-aliasing filters and discuss the
effects originating from the sampling frequency offset. Finally,
the effects are combined and formulas, which show that the
received power is a periodical function of time, are given.
A. Aliasing
Considering Fig. 1 aliasing is a phenomenon that occurs
due to the sampling after the ADC. Actually, aliasing occurs
always in real OFDM systems because the amplitude of the
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infinite - already generated at the transmitter - ”useful” and
”useless” subcarriers is never ideally attenuated (by the lowpass filters) to zero. Due to the sampling at the receiver
the remaining frequency blocks shown in Fig. 2, which are
already non-ideally filtered by the reconstruction and the antialiasing filter, are again infinitely copied to the corresponding frequencies, which are the original frequencies of the
transmitted subcarriers (the ”useful” lie between zero and π
and the ”useless” between π and 2π) shifted by multiples of
±2π. As a consequence of this fact and in respect to the
sampling theorem the receiver by using the FFT ”looks” to
the frequencies between zero and π and reads more power
as it was originally transmitted at the subcarrier positions `.
This extra power is coming from the aliased subcarriers, which
were originally lying in frequency areas, which are the exact
subcarrier positions ` plus all the infinite multiples of ±fs . The
same happens for the complex conjugated of them (shown in
Fig. 3) from π to 2π.
If we now assume a zero sampling frequency offset then
no additional effects (e.g. leakage) are caused during the FFT.
Because of the fact that it is more convenient to make the
calculations shown below in the time domain we assume that
we have applied the IFFT to the signal at the output of the FFT
again. Because the FFT causes no leakage the output of the
hypothetically applied IFFT is the same as the input of the FFT
before. If we theoretically separate the time samples of the
different subcarriers then we can use yk,` [n] shown in Fig. 1
in order to calculate the received power of the signal after
the FFT per subcarrier and OFDM symbol, which is in case
of aliasing alone the same as the power per subcarrier before
the FFT and eventually the deciding value for the system.

Regarding that zero noise samples are assumed we can express
the signal after the ADC as follows:

subcarrier we get:
0

Pk,` =
yk,` [n] =

+∞
X

αk,` |H(iM + `)| cos(Ω` n + φal (iM + `))+

=

M −1 +∞
M −1 +∞
1 X X 2
1 X X 2
(
(
A) +
B)
M n=0 i=0
M n=0 i=1

αk,` |H(−iM + `)| cos(Ω` n + φal (−iM + `)) ,

+

+∞
M −1 +∞
X
2 X X
B) ,
A·
(
M n=0 i=0
i=1

i=0
+∞
X
i=1

M −1
M −1 +∞
+∞
X
1 X X
1 X 2
yk,` [n] =
(
A+
B)2
M n=0
M n=0 i=0
i=1

(3)

where |H(iM + `)| is the total absolute signal attenuation of
the ”useful” subcarriers (and all its infinite copies) and given
by:
|H(iM + `)| = |Hrf (iM + `)| · |Haf (iM + `)| · |Hc (iM + `)| ·
· |Hda (iM + `)| · |Had (iM + `)|
(4)

As we already explained in section II the attenuation is caused
by the reconstruction and anti-aliasing filters, the channel and
the non-ideal ADC and DAC. The total phase rotation φal for
the ”useful” subcarriers reads:
φal (iM + `) =φrf (iM + `) + φaf (iM + `) + φc (iM + `)
+ φda (iM + `) + φad (iM + `) + φk,`
= φe (iM + `) + φk,` ,
(5)

where φe is caused by the filters, the channel, the ADC/DAC
and φk,` by the modulated data.
In respect to Fig. 3 we notice that a part of the aliased subcarriers (the ones which were originally lying in the frequency
positions iM + `) keep their phases and another part (the
ones which were originally lying in the frequency positions
iM − `) have to negate their phases. In order to explain this
one should consider that the part of the aliased subcarriers that
get their phases negatived are the complex conjugated from the
”useless” subcarriers and were actually positioned in negative
frequencies (−iM + `). Another way to understand this would
be to hypothetically position imaginary half-permeable mirrors
at zero, π, 2π etc. and imagine that the mirrors transfer the
information from the right to the left from +∞ until zero. That
means that these aliased subcarriers inherit the amplitude of
the ”useless” subcarriers (|H(−iM + `)| = |H(iM − `)|), but
get the negative phase:

where:
A = αk,` · |H(iM + `)| cos(Ω` n + φal (iM + `))
and
B = αk,` · |H(iM − `)| cos(Ω` n − φal (iM − `))
It can be shown that for every θ, φ, ρ ∈ [0, 2π]:
2 cos(θ + φ) · cos(θ + ρ) = cos(φ − ρ)
+ cos(2θ) · cos(φ + ρ) − sin(2θ) · sin(φ + ρ)

If we now calculate the received power per symbol and

(8)

That means that for every φ1 , φ2 ∈ [0, 2π]:
M
−1
X

(2 cos(Ω` n + φ1 ) cos(Ω` n + φ2 )) = M · cos(φ1 − φ2 )

n=0

because:
M
−1
X
n=0

cos(2Ω` n) =

M
−1
X

sin(2Ω` n) = 0

n=0

By using (1) we can calculate the double sums in (7) as
shown below:
M −1 +∞
+∞
X
1 X X 2
(
A) = Pk,` (
|H(iM + `)|2
M n=0 i=0
i=0

+

+∞
+∞ X
X

|H(jM + `)| · |H((i + 1)M + `)|

j=0 i=0

· cos(φal (jM + `) − φal ((i + 1)M + `))) = C · Pk,`

(9)

+∞
M −1 +∞
X
1 X X 2
|H(iM − `)|2
B) = Pk,` (
(
M n=0 i=1
i=1

+
φal (−iM + `) = φrf (−iM + `) + φaf (−iM + `) + φc (−iM + `)
+ φda (−iM + `) + φad (−iM + `) + φk,`
= −φrf (iM − `) − φaf (iM − `) − φc (iM − `)
− φda (iM − `) − φad (iM − `) + φk,`
= −φe (iM − `) + φk,` = −φal (iM − `)
(6)

(7)

+∞
+∞ X
X

|H(jM − `)| · |H((i + 1)M − `)|

j=1 i=1

· cos(−φal (jM − `) + φal ((i + 1)M − `))) = D · Pk,` (10)

M −1 +∞
+∞
+∞ X
+∞
X
X
2 X X
(
A·
B) = Pk,`
|H(jM + `)| ·
M n=0 i=0
i=1
j=0 i=1

|H(iM − `)| · cos(φal (jM + `) + φal (iM − `)) = E · Pk,` (11)

That means that the power for every subcarrier at the
receiver (after the FFT) is directly dependent of the transmitted
power at the same frequency as shown below:
0

Pk,` = (C + D + E) Pk,`

(12)

Because the filters’ and the channel’s attenuation factors and
phases are constant with time (that means
that C,D and E are
0
P

also independent of time) the value Pk,`
remains also constant
k,`
with time. Furthermore, it can be shown that the series which
are added in C, D and E are converging when using Butterworth or Chebychev low-pass filters. This happens because
|H(iM − `)| < 1 and |H((i + 1)M − `)| < |H(iM − `)|.
Finally, the larger the filter’s order the less the error that is
done when a small finite number of ”useful” and ”useless”
subcarriers is used for the calculation of the power at the
receiver.
B. Sampling Frequency Offset
In the second step of the analysis we discuss the effects
originating from the sampling frequency offset ∆fs alone. For
that reason we assume perfect channel conditions as well as
perfect initial timing synchronization and low-pass filtering.
In this case the sampling frequency at the receiver is slightly
different as at the transmitter, which means that the M equidistant subcarrier positions of the FFT at the receiver do not meet
the maximum locations of the Dirichlet functions. Indeed, the
positioning error grows for larger subcarrier positions and the
orthogonality of all the subcarriers is destroyed (ICI occurs).
This fact is responsible for the generation of three effects: a)
every subcarrier is slightly attenuated (Hdi ) and phase rotated
(φdi ), b) ICI noise is added to every subcarrier and caused
by all the other used subcarriers and c) a constantly growing
timing offset occurs. The ICI attenuation, which is plotted in
Fig. 4 for M = 128, depends on the subcarrier index, the
FFT-length and the value of the sampling frequency offset
and reads:
` ∆fs
Hdi (`) = di M (
),
·
M
fs

(13)

where di M denotes the Dirichlet kernel [11].
As it can be clearly seen in Fig. 4 the Dirichlet attenuation
is very small for realistic values of the normalized sampling
s
frequency offset ∆f
fs e.g. 10 − 100 ppm. The same applies for
the phase rotation. The second effect of ICI is the noise added
to every subcarrier caused by every other subcarrier because
the orthogonality is lost. The amplitude of the ICI noise can
be written as a sum of noise amplitudes:
0

Nici (f` ) = αk,`

M
2

−1
X

0

di M (f` − f` ) ,

(14)

`=1,`6=`0
0

f

0

where f` = ` Ms are the new subcarrier frequency positions at
the receiver.
The ICI noise power reads:
0

2
Pici (f` ) = αk,`
(

M
2

−1

X

`=1,`6=`0

0

di M (f` − f` ))2

(15)

Fig. 4.

ICI attenuation due to the sampling frequency offset for M=128

The ICI noise power is a size that is practically neglectable
because it is very low for small offsets, so that for 100 ppm
the SNR is always larger than 60 dB if no other noise source
than ICI exists.
The last effect that is caused by a tolerated sampling
frequency offset is a timing offset, which is constantly growing
with time if not corrected. Of course, in order to achieve stable
OFDM links the timing offset should be always corrected
by a correction algorithm. However, there are systems that
do not correct the timing offset during the channel and SNR
measurement. If so, the phase of every subcarrier is growing
with time as shown below:
φ∆T (`) = 2π`k(1 + γ) ,

(16)

s
where γ = ∆T
Ts is the normalized sampling period offset and
is related to the sampling frequency offset according to:

γ=

∆Ts
1
1
∆fs
= ( 0 − )fs = − 0 ,
Ts
fs
fs
fs

(17)

which means that for small values of the normalized sampling
frequency offset (e.g. 10-100ppm) γ is approximately its
negative.
From (16) it is clear that the phase rotation due to a
continuously growing timing offset (caused by the uncorrected
sampling frequency offset) is linearly growing with time (here
the symbol index k). Also, the larger the frequency position
of the subcarrier the larger the increase of the phase rotation.
This fact applies, of course, for all the infinite ”useful” and
”useless” subcarriers and is essential for the explanation of
the periodicity of the received power, which is discussed in
the following paragraph.
C. Aliasing and a Sampling Frequency Offset
A more realistic approach, where real low-pass filters and
non-ideal sampling frequency oscillators are utilized, is analysed in the present subsection. In this case all the effects
described in the previous paragraphs are combined in a rather

complicated way. All the ”useless” as well as all the ”useful”
subcarriers at the receiver do not meet the exact frequencies of
the transmitter so that the infinite alias subcarriers’ frequencies
slightly differ from each other. As a consequence after the FFT
ICI occurs, where the noise is even larger than in the case
described in the previous paragraph because all the aliased
subcarriers contribute to the generation of the ICI noise.
Furthermore, because of the leakage in the FFT the power
of every subcarrier after the FFT is less than its power before
it. However, as we already showed the ICI attenuation and
phase rotation as well as the ICI noise are so low for realistic
values of the frequency offset that they can be practically
neglected. As a consequence, we can assume that these effects
are minimal and again yk,` [n] can be used for the calculation
of the power.
In respect to the discussion given at the previous paragraph
the effect, which results from the sampling frequency offset
itself and should be taken into consideration in the combined
case is the constantly growing phase rotation φ∆T . That means
that the new phase rotation of the infinite ”useful” subcarriers
and of the complex conjugated ”useless” subcarriers, which
are used for the calculation of the received power, read:
φal,f o (iM + `) = φal (iM + `) + φ∆T (iM + `)

φal,f o (−iM + `) = −φal (iM − `) + φ∆T (−iM + `)

(18)

(19)

So, if one calculates the new received power then the form of
(12) remains, but the arguments of the cosines in C, D and E
change. The new arguments read:

IV. T HREE D EMONSTRATING S CENARIOS
In the last section the periodical time-variable effects affecting the received power are demonstrated using the formulas
given above. The three following scenarios are examined: a)
No reconstruction and no anti-aliasing filter is utilized, b)
two 4th order Chebychev filters are used as reconstruction
and anti-aliasing filters, c) two 6th order Cauer filters are
utilized. Please note that because of the fact that the scope of
this work is to analyse phenomena resulting from the OFDM
system itself we have normalized the channel’s coefficients to
1. Finally, the normalized sampling frequency offset was kept
rather small in the value of 10ppm, the chosen FFT-length was
512 and the transmitted power per subcarrier was normalized
to 1.
In the first scenario an unrealistic situation, where no lowpass filters are used is shown. This is actually the worst case
for the power at the receiver because the amplitudes of the
aliased subcarriers are maximized. In section II it was shown
that conventional ADC and DAC of type ”sample and hold”
behave like filters with a characteristic spectrum that has the
form of a si function, which is plotted in Fig. 5. It can be
easily seen that the ADC/DAC comprise rather bad ”filters”
because they not only hardly attenuate the frequencies that
cause aliasing (from the half of the normalized sampling
frequency to +∞) but also insert an attenuation that has a
maximum of almost 4dB in the transmission band (from zero
to the half of the normalized sampling frequency). Another
important observation is that the attenuation is growing slowly
so that it is expected that more than the first aliased frequencies
(from 0.5 to 1 - the first ”useless” subcarriers) are playing an
important role in the form of the received power.
0

φC =φal,f o (jM + `) − φal,f o ((i + 1)M + `) =
φe (jM + `) + φe ((i + 1)M − `) + 2πk(j − i − 1)M (1 + γ)
(20)

−10

φE =φal,f o (jM + `) − φal,f o (−iM + `) =
φe (jM + `) − φe (iM − `) + 2πk(j + i)M (1 + γ) ,

|Hda(f/fs)| (dB)

−20

φD = φal,f o (−jM + `) − φal,f o (−(i + 1)M + `) =
− φe (jM − `) − φe ((i + 1)M − `) − 2πk(j − i − 1)M (1 + γ)
(21)

−30
−40
−50

(22)

−60

for the cosines in C, D and E respectively. By combining (12),
(9), (10), (11), (20), (21) and (22) we get the final formula that
gives the received power for every subcarrier and symbol in
case of aliasing and a sampling frequency offset.
Considering the new form of the arguments in the cosines in
C, D and E and the forms of C, D and E itself it can be easily
derived that the received power is a periodical function of time
(here expressed by the OFDM symbol index k). Moreover,
the function contains infinite frequencies, the values of which
depend on the normalized sampling frequency offset and the
FFT-length. Finally, the more the indices i and j in the sums
grow the more the amplitudes of these frequencies tend to
become zero.
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AD/DA filter’s attenuation

Fig. 6 shows the received power at different time points
(the OFDM subcarrier index k was changed from 1 to 100)
along the frequency in the first scenario. The attenuation of
the first ”useful” subcarriers as well as the time dependency
are clearly observable. The effect is actually so powerful that
hardly the first subcarriers could be theoretically utilized for

symbol index. During the simulations we observed that for
the specific filters only the first ”useless” subcarriers caused
noticeable aliasing effects.
0
−10
−20

|Hrf(f/fs)| (dB)

a data transfer in this case, which would be of course not
done because there could be other sources for aliasing than
the OFDM system itself so that even the first subcarriers are
destroyed. Actually, the worst fact when the received power
has the characteristic shown in Fig. 6 is not the attenuation of
the utilized subcarriers but the time-variability and the large
jumps in the values of the received power that is destroying
the SNR. Please note that during the simulations we have
sequentially used a growing number of aliased subcarriers
starting with the first ”useless” (from 0.5 to 1) and the second
”useful” (from 1 to 1.5) ones. Thereby we noticed that after
the third period (from 2.5 to 3.5) no remarkable impact was
seen in the generated figures. It was furthermore observed that
changes in the normalised frequency sampling offset didn’t
affect the form of the 2-D plot but only the period of the
power’s fluctuation, which is clear due to the form of (20), (21)
and (22). This fact can be easily seen by the corresponding
3-D plots (simulations done for different values of γ), where
the third dimension is the time and which are not shown for
reasons of redundancy.
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In the second scenario we investigate the case, where two
4th order Chebychev filters are utilized (attenuation plotted
in Fig. 7 - ripple equal to 0.125dB). This is a realistic
scenario, where most of the aliased subcarriers are sufficiently
filtered and the filters are relatively easy to implement. Fig. 8
shows the received power per subcarrier in that case. The
first ”useful” subcarriers are again attenuated by the ADC
and the DAC and more than 50 subcarriers are severely
affected by the effects. In order to demonstrate how large the
power’s fluctuation is we assumed that the ADC and DAC are
perfect (attenuation caused equals zero), which is even more
realistic because the reconstruction and anti-aliasing filters are
normally designed in a way that the attenuation caused by the
ADC and the DAC is almost eliminated. The results are plotted
in Fig. 9. The received power fluctuates in a way that even
more power (coming from the aliased subcarriers) than given
at the specific frequencies is received according to the OFDM
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Received power in the second scenario

In the last scenario two 6th order elliptic (Cauer) filters
were used. This is a more optimistic case because the filters
are more complicated to implement. From the form of the
received power (see Fig. 11, Fig. 12) it is clear that this is the
best scenario as the received power remains rather constant
in time for the most subcarriers. However, even in this case
there are subcarriers near the Nyquist frequency, which are
heavily affected and improper for data transfer. This happens
because the filters are not steep enough to provide enough
attenuation near the Nyquist frequency so that the impact of
the first aliased subcarriers is still quite noticeable.
Generally, the fluctuations in the received power grow with
the subcarrier index. Actually, the 2-D form of these changes
resembles a bouquet of flowers (”Blumenstrauss” in German),
which is rotated 90◦ (see Fig. 8, 9, 11 and 12). This is rather
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expected because the least filtered frequencies, where the first
aliased subcarriers lie, are mirrored in the frequency area
between zero and π (see Fig. 3) so that the highest frequencies
(close to the Nyquist frequency) are mostly affected. The
length of the ”stick” of the bouquet as well as the thickness of
the ”flowers” in the bouquet increases with the abruptness of
the low-pass filter (e.g. compare between Fig. 9 and Fig. 12)).
From the results shown in this section it is also clear
that most of the theoretically infinite aliased subcarriers play
practically no role in the changes of the received power in
time. The filtering threshold lies approximately by -25dB,
which means that if normal low-pass filters are utilized, only
the subcarriers lying between π and 2π can be used to predict
the form of the received power and decide whether the filter
is good enough or if some subcarriers should be left out of
the transmission scheme. Indeed, the exception of at least one
subcarrier (the next one near the Nyquist frequency) seems to
be unavoidable if the OFDM system is designed in the way we
have described in this work. The number of these subcarriers is
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yet dependent on the FFT-length (the larger M is the narrower
the available transition bandwidth for the low-pass filters is for
a given sampling frequency) and the filter’s characteristic. That
is why these system parameters should by carefully chosen in
respect to the given analysis and the system’s specifications.
V. C ONCLUSIONS
In this work the effects caused by the combination of two
well-known drawbacks of OFDM systems, namely aliasing
and a sampling frequency offset, were analysed. It lies in the
nature of OFDM that even small sampling frequency offsets
cause large phase rotations to the utilized subcarriers, which
depend on the subcarrier’s frequency and the symbol index.
The parallel existence of aliasing yet results in a combined
effect, where the aliased subcarriers, which are heavily phase
rotated as they lie in large frequencies, are added to their corresponding subcarriers, which lie between zero and the Nyquist
frequency and are therefore less phase rotated. The result of
these theoretically infinite additions is a large fluctuation of

the received power, which grows with the subcarrier’s index,
the FFT-length and the inverse of the attenuation factors of the
utilized low-pass filters. Due to the power fluctuations, which
can be exactly calculated using the given formulas, there are
severe degradations in the SNR, which can eventually lead
to the exclusion of some subcarriers from the transmission
scheme.
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