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Abstract—We present a linear reformulation of the Kuramoto  cannot be solved using the traditional approach. We present
model describing a self-synchronizing phase transition in a het- the solution for this case, demonstrate that the synchronization
erogeneous system of globally coupled oscillators that in general o qar parameter has anomalous scaling about the critical point,

have different characteristic frequencies. While this approach can q v this i h t illat ¢ ith
also be applied to systems with a finite humber of oscillators, and apply this finear approach 1o oscillator systems wi

discussion here will focus on the reformulated model in the different characteristic frequency distributions. _
continuum limit, the regime of validity of the original Kuramoto While the discussion here will cover only the continuum

solution. This new approach allows one to solve explicitly for |imit and global coupling, which is the regime of validity of the
the synchronization order parameter and the critical point for  {aditional Kuramoto solution, the linear approach presented

a new class of continuum systems that have no solution through .
the traditional approach to the Kuramoto model. Furthermore, can also be used to solve systems populated by a finite number

the synchronization order parameter will be shown to exhibit Of osgillators [5] as well as systems with local or asymmetric
anomalous scaling in the vicinity of the critical point. This novel coupling. For further details of these results, see [5] and [6].
linear approach appears to be a promising way to extend the N L
applicability of the Kuramoto model, which is the paradigm of - LINEAR REFORMULATION FOR GENERALIZED
spontaneous synchronization. Although discussion here will be COUPLING
Ir_eSt”CtEd to Sthtelms l""'tz g!?bz?fl fOUP'I'“_gv the ftorma't'ﬁ”][ of ;htf‘t For a system of coupled oscillators in the continuum limit,
Inear approach a'so ‘ends Isell 1o solving systems that extioit w0 inear reformulation of the Kuramoto model to be dis-
local or asymmetric coupling.

cussed here can be expressed as

ge.

— (i = o)+ [ 0wl

The Kuramoto model of self-synchronizing coupled phasg(w’t) oo
oscillators is recognized as important for being able to describe (1)
diverse synchronization phenomena such as collective atowidgereQ2(w,w’) describes the coupling between pairs of oscil-
recoil lasing, the behavior of Josephson junction arrays, al@ors with characteristic frequenciesandw’ respectively, the
neural firing patterns [1][2][3]. In a broader sense, howevethases of the complex variabjew, ¢) correspond to those of
the Kuramoto model is an exactly solvable model that exhibite system’s oscillators whose synchronization properties we
behavior reminiscent of a nonequilibrium phase transition. Advestigate, angj(w) is the distribution of their characteristic
such, it is a useful medium through which we can developfegquencies:y is a parameter fixed according to the system
better comprehension of nonequilibrium systems and, to tffigrameters such that the amplitude ofw,t) goes to a
end, in this paper we seek to extend the Kuramoto solutic¥€ady state in the long-time limit. This allows the linear
Certainly, a more general Kuramoto solution will also broadgRodel to be mapped onto the original Kuramoto model in the
the applicability of the Kuramoto model as a paradigm dfynchronized region, since with the nonlinear transformation

I. INTRODUCTION

spontaneous synchronization. Y(w) = R(w)e?@) we can write the real and imaginary parts
To generalize the Kuramoto solution we will take a linea@f ed. (1) as
approach, which will phrase this nonlinear problem in terms of > , , N , ,
eigenvalues and eigenvectors, opening it up to spectral the@rgf) = 77R(w)+/700 w, w)g(w)R(w') cos[f(w') ~b(w)]dw
and other tools and powerful techniques developed for solving - , (2)
linear problems. Note that only the fully locked transition willé(w) —w +/ Q(ww,)g(w,)R(w ) sin[0(w') — 0(w)]dw,
be considered here. e R(w)
We shall begin by presenting a linear model that maps 3)

onto the Kuramoto model and deriving the general solutigi!ds if (w) goes to a steady state in the long-time limit, eq.
it yields for the synchronization order parameter and tH8) iS simply the Kuramoto model with a generalized coupling
critical point of a continuum system of oscillators. We then N ~R(W)

focus on a system with a particular coupling scheme, which K(w,o) = Q(w,w) R(w)’ )




Note that the variabld?(w) is introduced simply to carry out
the mapping, and has no physical significanggs set such Im)\/\
that R(w) will reach a steady state.

Having reformulated the Kuramoto model in terms of linea
dynamics, we can proceed to analyze and solve it usir
tools from the linear repertoire. Indeed, the synchronizatic
problem can be discussed in terms of the spectrum of tl
linear operator on the RHS of eq. (1). More precisely, le
K(w,w') = Qw,w)g(w) — iwd(w — ') and assume that
the Fredholm integral equation

/%dW/]C(va/)Qbo(w/) = floPo(w), o €Z,R (%) e ’Y —> Re X

has a mixed, discrete-continuum spectrfm,, i, }. Then a
generic solution of (1) is given by

w(w,t) = Z anqﬁn(w)e(“n*'\/)t+/ b(o_)d)o_(w)e(p,afry)tda,

nez og€eR
(6)

with coefficients {a,, }nez, {0(c)}rer determined by initial
conditions.

The spectrum{u.,, 11, } determines the appropriate value of
~, which we set equal to the real part of the eigenvalue with t ég 1. The spectrum of eigen_values asspciated with the RHS of eq. (9) when

. . . > .. The spectrum comprises a continuum of eigenvalues alongnd
largest real part. It becomes evident that this spectrum dictafe§ngie eigenvalue at the origin. A3 — Q:f, v — 0, and the continuum
the synchronization behavior of the system. If there is only omgproaches the imaginary axis and the eigenvalue at the origin. \hen
eigenvalue whose real part equalthen in the long-time limit £ 7 = 0. and the continuum of eigenvalues sits on the imaginary axis and
I . . the eigenvalue at the origin becomes indistinguishable from the continuum.

contributions from all other eigenvalues die aw&y(w) goes
to a steady state, the linear model maps onto the Kuramoto
model with time-independent coupling, and there is full phase
locking and synchronization (as defined below). Otherwisd”
more than one eigenvalue remainf3(w) does not reach a |
steady-state value, and the phasesafo not converge. Y(w,t) = (iw —7)¢(w,t) + Q/ g, t)dw', (9)

As mentioned earlier, we will restrict our discussion to e
systems with no partial population of drifting oscillators, i.ewhich maps onto the original Kuramoto model with the
the incoherent-to-partially locked (usually referred to as thgjlowing coupling constant:
synchronization transition) and the partially locked-to-fully
locked phase transitions occur at the same point [4]. We
say our system is synchronized if the synchronization order K(w,w') =9
parameter given by

r= ‘/ dwg(w)e®«)

goes to a nonzero steady-state value [2][3]. As mentioné
above, this happens at the critical point where the real par
of more than one eigenvalue becomes equal.t&o in the
synchronized region where the real part of only one eigenval
equalsy,

stem as

o0

(w—wr)2 472
— 10
@ —w )7 +77 4o
RV d Y(w,t) 7 wherew, is the collective frequency of the synchronized state
= /700 wy(w) 0w, )] () and is given by the imaginary part ofy, S(Ax). With this
ajf)ling scheme, we can solve the spectrum of the RHS of

. (9) exactly.
ith v set as described above, the spectrum comprises a

continuous line of eigenvalues in the complex plane along
%?A} = —v (R[)\] denoting the real part ok) for any value

oo b(w) of Q2 and one eigenvalugy at the origin, which stands apart
r= ‘/ dwg(w)lb(w)‘ (8) from the continuum of eigenvalues §f > Q.. As Q — QF,

e ~v — 0, and forQ < Q. the continuum of eigenvalues lies
whereb(w) is the eigenfunction corresponding to that differalong the imaginary axis andly becomes indistinguishable

entiated eigenvalue) . from the continuum, as shown in Figure 1; since, in the steady
state, the entire spectrum remains, it is clear that 0 for
[1l. SOLUTION FOR SPECIFIC COUPLING Q<0
A. Solution of the synchronization order parameter Setting the collective frequenéy{A ] to zero,y to Re[Ax],

Let us consider now one type of global coupling in thand assuming(w) is an even function and nowhere increasing
linear model,Q}(w,w’) = Q. The linear model describes thisfor w > 0, we arrive at the following formula that determines



> gw)y roo1or
1= Q/foo el (11) |
0.8}
By takingy — 0% and assumingj(w) has a finite width, it [

becomes clear from eq. (11) that n‘,-,.i
Q. = i (12) [
TI'g(O) 0,4__ ‘!
From eq. (8), forQ? > ., we can determine the following Mf A —— Tlor
explicit expression for-: ' — g
r= /OO dwg(w)il = (13) S T B
o 1+ (%) Q/Qc

W_here 7_ can be determined from eq. (11). So, for a gIV_eEig. 2. The synchronization order parameter as a function of the normalized
distributiong(w), egns (11), (12), and (13) completely specifyoupling constant for a uniform and Lorentz distribution of characteristic
r(Q) andQ,. for K(w,w’), eqg. (10). (For details, see [6].) frequencies

It is interesting to note that abo@l = Q. the behavior
of » resembles a second-order phase transition initigsows o
continuously from zero as the coupling increases. Wkere  for € > €., as shown in Figure 2: = 0 for Q < Q. as
QF, r — 0 because, although the oscillators are phase lockét§cussed above. The scaling for this distribution is then

the phases of the oscillators are evenly distributed from zero to 20-0Q. Q.
2, i.e. the system is in a splay state [7]. Below, we investigate Tor & ——¢ log (Q —q ) . (17)
the scaling behavior abo@ = ., where this second-order ¢ ¢
“phase transition” occurs. This agrees with eqns (14) and (15) knowing that, for this
Lorentzian distributiong(0) = —c and [%_dwg' (w)/w =
B. Anomalous scaling L
If one assumeg(w) to be such that[” dwg (w)/w is Similarly, for a uniform distribution abouv,, i.e. g(w —
nonzero and finite (where’(w) = 9,,g(w)), then perturba- w,) = ¢ for |w — w,| < 7A/2 and 0 otherwise, the above
tively the behavior ofy as2 — Q. becomes equations give). = A, yunif = % cot (%) and
2
7g(0) (Q—Q> <Q—Q) _ (ﬂz) : 1{ (wﬁﬂ
= o) . Tunif = cot | —— | sinh tan | — — (18)
0 fioo dwg’(w)/w Q. + Q. ! 2 QO 2 Q

14 for 0 > ). (see Figure 2). As above,= 0 for Q2 < Q.. The
scaling for the uniform distribution is

() = —29(0)y1og[g(0)y] + O[g(0)7]. (15) TQ-Q . < Q. >

Tunif = = O Q O
This behavior ofr can be seen as anomalous with respect 2 c T e
to the usual square-root scaling behavior of the traditiongbain there is agreement with eqns (14) and (15y@ =

As v — 0, the behavior of-(y) can be described by

(19)

Kura}mo_to solution. Ol_’le_ m|ght venture that _t_he anqmalm% and Loooo dwg' (w)Jw = _(ﬂi)%
scaling is due to the bicritical nature of the critical point. Fof
derivation and explanations of this behavior, see [6]. IV. CONCLUSION

C. Specific examples of characteristic frequency distributionsThe linear reformulation presented here of the Kuramoto
With these general solutions for the parameters of a odel constitutes a fresh take on the prqblem of self-
synchronization of a heterogeneous population of coupled

system with global couplin@(w,w’) = Q, we can solve for a . N . )
specific system given its characteristic frequency distributiof.’lhase oscillators, opening it to solution through established

Take for instance the Lorentzian distribution aboyt, i.e. inear approaches such as spectr'al Fheory. T.hls alternqtlve
o A . o treatment of spontaneous synchronization can give new insight
’Tg r d into the mechanics underlying the phenomenon. In addition,

and from eq. (11)y,- = Q — A. Using these in eq. (13), we , . ! . .
obtain d i sing these in eq. (13), w this method allows for analytical solutions of systems with
1/ . finite oscillator populations. Although we have restricted our-

2 cos (ﬂf?z ) Ives to the fully locking transition with global coupling, thi

- c (16) selves to the fully locking transition with global coupling, this

o method holds great promise for solving partial synchronization
m1- (Q—QC) states and for synchronization problems in complex topologies.
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